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RTCC REQUIRFSIENTS FOR MISSIONS F AND G :  

EMPIRICAL EQUATIONS FOR SIMULATING THE TRANSLUNAR 

INJECTION MANEUVER 

By Jerome D. Yencharis 

SUMMARY AND INTRODUCTION 

This note gives t h e  empirical  equations t o  be u t i l i z e d  i n  t h e  
s imulat ion of t h e  t r ans luna r  i n j e c t i o n  maneuver i n  t h e  RTCC processor  
descr ibed i n  reference 1. 
under P ro jec t  Apollo Task MSC/TRW A-77. 

These equations have been der ived  by TRW Systems 

This document replaces  reference 2 as a requirement s p e c i f i c a t i o n  
document f o r  t h e  RTCC l o g i c  for Mission F and those following. The luna r  
o r b i t  i n s e r t i o n  ( L O I )  
necessary,  s ince  t h e  LO1 maneuver i s  now being simulated wi th  an impulsive 
maneuver i n  t h e  RTCC midcourse cor rec t ion  processor  ( r e f .  3 ) .  

polynomials included i n  reference 2 are no longer 

The following four requirements are s p e c i f i e d  by t h i s  document: 

1. Polynomial forms - The polynomial forms, of  which the re  a r e  
two, are spec i f i ed  wi th in  t h e  t e x t  of t h i s  note. 

2. Polynomial coef f ic ien ts  - Two sets of  c o e f f i c i e n t s  ( t a b l e s  
I and 11) are spec i f ied .  

3. The c r i t e r i a  f o r  t h e  decis ion t o  use a given polynomial wi th  
i t s  set  of  c o e f f i c i e n t s ,  and t h e  r e s t r i c t i o n s  which make up t h i s  c r i t e r i a .  

4. The method f o r  using t h e  polynomials - 
The empir ica l  s imulat ion of t h e  TLI burn gives  t h e  burn c h a r a c t e r i s t i c s  

o f  an optimum t h r u s t i n g  (minimum AV) maneuver which t akes  t h e  vehic le  
from a given set of  i n i t i a l  conditions t o  a s p e c i f i e d  set  of  end 
condi t ions.  This technique represents  a ca lcu lus  of  v a r i a t i o n  s o l u t i o n  
t o  the  problem ( re f .  4) .  
ezrth parkir?g nrh i t .  and  vehic le  c h a r a c t e r i s t i c s  (e .g . ,  t h r u s t ,  weight) .  
The set  of end conditions s p e c i f i e s  a hypersurface ( f i g .  1). 

The se t  of i n i t i a l  condi t ions s p e c i f i e s  an 
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(The hypersurface i s  described i n  references 4 and 5 and w i l l  not  be 
discussed. ) 

POLYNOMIAL FORMS AND COEFFICIENTS 

Two bas ic  polynomials a r e  requi red  t o  s imulate  t h e  translunar 
i n j e c t i o n  maneuver i n  the  RTCC processor  described i n  reference 1. 
c r i t e r i a  f o r  deciding which form t o  use i s  spec i f i ed  i n  t h e  next s e c t i o n ,  
" C r i t e r i a  f o r  Use of a Given 

The 

Polynomial Form." 

The t w o  polynomial forms a re  t h e  "Nominal Mission Polynomial" 
and t h e  "a l t e rna te  mission polynomial." This terminology is  used f o r  
i den t i f i ca t ion  purposes only. Both sets of polynomials accept t h e  same 
input parameters and remit t h e  same output parameters. 

The independent var iab les  f o r  both polynomials a r e  

1. c - twice vis-viva energy des i r ed  at c u t o f f ,  ( e , r . / b ) ' .  

2. 

3 
(3 - c e n t r a l  angle between t h e  u n i t  t a r g e t  vec tor  (r) and t h e  

per igee vector on any t r a j e c t o r y  corresponding t o  a given hypersurface,  
radians.  

3. 6 - t h e  dec l ina t ion  of t h e  t a r g e t  vector  with respec t  t o  t h e  
parking o r b i t  plane ; pos i t i ve  measured toward t h e  angular momentum 
vector of  t he  e a r t h  parking o r b i t ,  rad ians .  

4. F/W - t he  thrust-to-weight r a t i o  at S-IVB i g n i t i o n ,  lbf/ lbm. 

5 .  RI - t h e  magnitude of  t h e  ear th-centered pos i t i on  vector  of t h e  

S-IVB at i g n i t i o n ,  e . r .  

The output parameters of t h e  PokQomial , i l l u s t r a t e d  i n  f igu re  2 ,  
a re  

1. AV - t h e  c h a r a c t e r i s t i c  ve loc i ty  f o r  t h e  maneuver, e . r . / h r .  

2. ci - angle measured i n  t h e  parking o r b i t  plane from t h e  S-IVB 
i g n i t i o n  point t o  the  pro jec t ion  of t h e  t a r g e t  vector  i n  t h e  parking 
o r b i t  p lane ;  pos i t i ve  i n  t h e  d i r e c t i o n  of  motion, radians.  

3. €3 - angle measured i n  t h e  parking o r b i t  plane from t h e  S-IVB 
i g n i t i o n  point t o  t h e  i n t e r s e c t i o n  of t h e  parking o r b i t  plane and t h e  
plane of  t h e  cu tof f  e l l i p s e ;  p o s i t i v e  i n  t h e  d i r e c t i o n  of motion, rad ians ,  
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4. I-I - t r u e  anomaly at t r a n s l u n v  i n j e c t i o n  c u t o f f ,  rad ians .  

5. Rp - radius  of  per igee on t h e  t r ans luna r  e l l i p s e  a t  c u t o f f ,  e . r .  

The f ive  sets of  coe f f i c i en t s  f o r  each 'polynomial a r e  thus used t o  
determine t h e  f i v e  output parameters. 

The nominal mission polynomial coe f f i c i en t s  a re  l i s t e d  i n  table I. 
The a l t e r n a t e  mission polynomial coe f f i c i en t s  a r e  l i s t e d  i n  t a b l e  11. 

The form f o r  the nominal mission polynombl i s  der ived from re- 
ference 6. (See reference 7 a l so .  ) 

3 + a x  YI = a + alX1 + a2x2 + a3X22 + a4x2 

+ a9x2x3 + a x 2~ + a x 3~ + a12x4 + a 1 3 1 4  x x + a 1 4 2 4  x x 

+ a6x3 + a x 2 + a x x 8 1 2  5 2  7 3  

1 0 2 3  1 1 2 3  

+ a x 2~ + a16x3x4 + a17X3*Xq + a x 2~ x + a x + a x x 
15 2 4 1 8 2 3 4  1 9 5  2 0 1 3  

+ a  X X ~ + ,  X X ~ X  
21 1 2 2 2 1 2  3 

where YI ( I  = 1,2,3,4,5)  = a ,  B ,  rl + a ,  R 

For B ,  t h e  addi t iona l  term t o  t h e  pokmomial i s  needed: 

AV- 
P )  

+ a  x + a  x 2 )  x42 (&23 24 1 25 4 
( X 3  + 0.148)' + 4 ( X 2  + 0.0027)' B = Y  + 

.B 

where Y i s  the  
B 

The independent 

X1 = AVm - 
X2 = A i 2  - 

23 term polynomial for  6. 

variables  i n  t h e  polynomial are 

1.75, e . r . / h r  

0.0027, rad 

X3 = u - 0.148, rad 

X4 = l*O/(F/W) 

X = Ri,  e . r .  5 



where 

AV m = ( C 3  + 2p/Ri)1. /2  - ( U / R ~ ) ’ ’ ~  
d 

A i  = s i n  ’ [e] 
Table I gives  t h e  coe f f i c i en t s  fo r  determining AV, a, B ,  rl + a, and R . 
rl i s  determined by evaluat ing t h e  polynominals f o r  a and f o r  
sub t r ac t ing  the r e s u l t  of t h e  former from t h e  r e s u l t s  f o r  t h e  l a t t e r .  

P 
+ a and 

The form f o r  t h e  a l t e r n a t e  mission polynomials i s  from reference 8. 
The polynominal form is  

2 + a x + a4x22 + a x  3 + a x  6 1 2  x + a 7 1  x 2~ 2 I 0 1 1 + a2x1 3 2  5 2  Y = a  t a x  

x x 3 + a x + a x 2 + a13X1X3 + a14X2X3 
11 3 1 2  3 + a8x12x2 + a x x + al0 9 1 2  

+ a X + a27X1X5 
26 5 

For B y  add i t iona l  terms a r e  required:  
, 

x1x4 B = Y  + 29 1 30 1 4 31 3 (a28 + a x + a x x + a x 2, 
B (x3 + 0.40)2 + 3X22 

(YI and Y 

The independent var iab les  fo r  t h e  polynomials a r e :  

a r e  defined as above f o r  t h e  nominal. mission polynomials.) B 

X = AV 1 m 

- ( A i ) 2  
x 2 - (  I A i l  + 0.006x,2) 

x = 0 - 0.40 

X 4  = l.O/(F/W) 

X5 = Ri 

3 

Change 1, July 25, 1968 
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where AV i s  def ined as f o r  t he  nominal mission polynomials, and m 

1 s i n  6 
s i n  (a  + 0.13) A i  = sin-’  

Table I1 gives t h e  coe f f i c i en t s  f o r  determining t h e  values o f  a, B ,  
T-I + a, AV and R . T-I i s  found by t h e  same procedure t h a t  w a s  ou t l ined  

above f o r  t h e  nominal mission polynomials. 
P 

CRITERIA FOR USE OF A G I V E N  POLYNOMIAL FORM. 

The range of values f o r  each independent parameter f o r  which each 
polynomial form i s  v a l i d  i s  shown i n  t a b l e  111. The accuracy of  t h e  
output parameters i s  given i n  t a b l e  I V .  
necessary t h a t  t h e  following r e s t r i c t i o n s  be adhered t o .  

To maintain t h i s  accuracy, it i s  

1. The c r i t e r i a  f o r  using one polynomial form or t h e  o the r  i s  t h e  
value of C which i s  spec i f i ed ,  C i s  r e l a t e d  t o  t h e  semimajor a x i s ,  3 3 
a,  by t h e  following equation - 

To use t h e  a l t e r n a t e  mission polynomial, C must be  i n  t h e  range 3 
from -45 km2/sec2 t o  -5 km2/sec2, o r ,  i n  terms of t h e  semimajor a x i s ,  
a m u s t  be  i n  t h e  range from 4793 n. m i .  t o  43 046 n. m i .  
nominal mission polynomial , C m u s t  be  i n  t h e  range from -5 km2/sec2 3 
t o  -0.5 km2/sec2, or the  semimajor ax i s  a must be  i n  t h e  range from 
43 046 n. m i .  t o  430 460 n.  m i .  

To use t h e  

2. The lowest apogee a l t i t u d e  f o r  which t h e  a l t e r n a t e  mission 
polynomial. i s  v a l i d  is  2600 n. m i .  

3. The use of t hese  PObOmialS i n  an i t e r a t i v e  processor  (such as 
t h a t  ou t l ined  i n  r e f .  1) should adhere t o  t h e  add i t iona l  r u l e  t h a t ,  if 
t h e  independent P a m e t e r  6 i s  input t o  t h e  polynomial and has a value 
outs ide  of t h e  prescr ibed l i m i t s ,  t h e  following process be followed: 

I Change 2 ,  October 7 ,  1968 



If 6 2', s e t  6 = 2' and A6 = 6 - 2' 
0 

If 6 < - 2 O ,  set  6 = -2O and A6 = -2O - 6 
0 

Then l e t  c1 o ,  Bo, (q + a)o, R , AV 0 denote t h e  values  of t h e  
PO 

polynomials obtained by s e t t i n g  6 equal  t o  6 0 and leaving  a l l  o ther  

inputs  unchanged. 
equations : 

These va lues  are then  ad jus ted  by t h e  following 

a = ~1 - 4.66 A 6  
0 

B = 6, - 2.15 A &  

q + a, = (n + a )  + 0.923 A 6  
0 

R = R - 0.442 A6 
Po 

AV = A'? + 6 .33  A6 
0 

where a ,  6 ,  n and A6 a r e  i n  r ad ians ,  R 
e .r . /h r .  

i s  earth r a d i i ,  and AV i s  i n  
P 

4 .  Again, i f  t h z  polynomials a r e  used i n  an i t e ra t ive  process  
and t h e  f i r s t  guess on C 3 
(-5.0 km2/sec2),  only one polynomial 
If t h e  so lu t ion  appears t o  r equ i r e  a value f o r  C 

o ther  polynomial 
using the  appropr ia te  polynomial form. 

i s  near  t h e  "common" poin t  f o r  both polynomials 

form i s  t o  be used i n  t h e  process .  
corresponding t o  t h e  

form, t h e  i t e r a t ive  process  should be r e i n i t i a l i z e d ,  
3 

The above r e s t r i c t i o n s  a r e  t o  be  followed i n  t h e  implementation of  
t h e  polynomials i n  t h e  RTCC processor  descr ibed i n  re ference  1. 

METHODS FOR USING THE POLYNOMIALS 

I The inputs  t o  T L I  s imldat ion a r e  C3, 0 ,  6 ,  F/W, and R I ,  which 

have been def ined,  and V WI, FI, F and TMRS, which a r e  def ined  below. I' 
The output of t h e  T L I  s imulat ion i s  usua l ly  t h e  s t a t e  vec to r  a t  

A method for doing t h i s  i s  presented i n  t h e  appendix. 
T L I  cutoff .  The s ta te  i s  computed, using t h e  output  of t h e  T L I  
polynomials . 

To use t h e  polynomids i n  t h e  RTCC,  it i s  necessary t h a t  re levent  
off-nominal s i t u a t i o n s  be accounted f o r .  Therefore ,  t h e  following 
procedure (from ref .  6 )  should be implemented t o  account f o r  mixture 
r a t i o  shif ' t s  during t h e  T L I  burn and non-circular  condi t ions i n  t h e  
o r b i t  at  S-IVB i g n i t i o n .  

Change 2 ,  October 7 ,  1968 
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1. Compute AVI , ATBl and A$Bl. 

AVI = ( p / R i ) l h  - VI 
where VI i s  

where W i s  I 

t h e  a c t u a l  ve loc i ty  magnitude at i g n i t i o n .  

t h e  a c t u a l  weight a t  i g n i t i o n  and go i s  t h e  g r a v i t a t i o n a l  

acce le ra t ion  at  t h e  e a r t h ' s  surface.  

0, = V I / R I  

'0Bl = @I ATBl  

2. Compute ATB2 and A$B2. 

MRS where FI i s  t h e  pred ic ted  t h r u s t  magnitude from i g n i t i o n  t o  T 

F i s  t h e  p red ic t ed  t h r u s t  magnitude from TMRs t o  cu to f f  

i s  t h e  est imated time of t h e  mixture r a t i o  s h i f t ,  measured from T~~~ 
i g n i t i o n .  

3. Adjust t h e  weight,  W ,  used i n  t h e  independent va r i ab le  F/W. 

W = WI - W ATBl 

where i s  t h e  nominal weight flow rate  and i s  taken t o  be p o s i t i v e .  

Change 2 ,  October ' f ,  1968 
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4. The polynomials are now evaluated i n  t h e  normal manner, no t ing  
t h a t  i n  t h e  independent parameter F/W, F i s  taken t o  be  t h e  nominal 
t h r u s t  value (or, i n  t h e  case of a mixture r a t i o  s h i f t ,  t h e  p red ic t ed  
magnitude of t h e  t h r u s t  a f t e r  t h e  mixture r a t i o  s h i f t ) ,  and W i s  ad jus ted  
as i n  s t e p  3. 

5. The,output o f  t h e  polynomials i s  ad jus ted  i n  t h e  following 
manner : 

rl = P(rl+a) - P ( a )  

AV = P(AV) + AVI 

where P ( a )  is  t h e  polynomial f o r  a, e t c .  

6 .  To ge t  t h e  t o t a l  burn t i m e  ( T  ) f o r  t h e  maneuver B 

The above procedure i s  t o  be implemented i n  t h e  RTCC f o r  t h e  TLI  
s imulat ions.  
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1 4  

Parameter 

c3, km2/sec2a 

0, del3 

6 ,  de€! 

F/w 

RI'  km 

TABLE 111.- RANGE OF INDEPENDENT VARIABLES 

Nominal Mission Al t e rna te  Mission 

-45.0 L c < - 5.0 

2 . 0 5  u I 15.0 &OS u 5 15.0 

3 -  - 5 . 0 5  C 5 - 0.5 3 

0 . 0 s  1 6 1 1  2.0 0 . 0 1 1 6 1 s  1.0 

0.6298 I F/W 5 0.8048 0.6298 I F/WL 0.8048 

6508.5077 I Ri I 6643.5077 6508.5077 I Ri S 6643.5077 

FOR THE T L I  POLYNOMIALS 

3 The ranges on semimajor a x i s  (a)  assoc ia ted  with t h e  values  of C a 

a r e  : 

Nominal Mission: 43 046 n. m i .  I a <  430 046 n. m i .  

Al ternate  Mission : 4793 n. m i .  5 a I 43 046 n. m i .  

The approximate apogee a l t i t u d e s  assoc ia ted  with t h e  above semimajor 
axes a r e  (assuming 100 n. m i .  per igee  a l t i t u d e ) :  

Nominal Miss ion  77 000 n. m i . <  h a <  835 000 n. m i .  

77 000 n. m i .  Al ternate  Mission : 2600 n. m i .  5 ha 5 



a 

TABLE I V .  - ACCURACY OF THE TLI POLYNOMIALS 

Parameter 

(a) Nominal Mission 

(b) Alternate Mission 

FNS Residual 

0.112 

0.475 

0.013 

0.365 

3.890 

0.114 

0.222 

0.016 

0.190 

2.080 

Maximum Residual 

0 590 

3.270 

.048 

1.143 

16.624 

0.450 

0.973 

0.057 

1.120 

7 580 

r 
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/--- 

/ - -- -\- 

Perigee r i n g /  

Figure 1.- Geometry of t h e  hypersurface ( r e f .  4 ) .  

EPO plane 

TLI plane 

TLI 

EPO poin t  i g  n i t  / i o n t  ‘ I  

Perigee r i n g  

Figure  2.- Geometry a s soc ia t ed  with t h e  empir ica l  s imulat ion 
of t rans lunar  i n j e c t i o n  (ref. 4 ) .  
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APPENDIX 

c 

COMPUTING THE STATE VECTOR AT TLI CUTOFF 

Reference 8 presents  a method t o  compute t h e  cu to f f  s t a t e  vec tor  
f o r  t h e  TLI maneuver, given the  i g n i t i o n  s t a t e  and C3, u, 6 ,  R,, F/W, 

and t h e  f i v e  parameters computed by t h e  empir ical  s imulat ion.  
method i s  repeated here ,  merely as information. 

This 

The unit t a r g e t  vec tor ,  F, for t h e  hypersurface i s  ca l cu la t ed  using 
t h e  i g n i t i o n  state ( E  TI) and a and 6 .  I’ 

A - ,. A A 

cos 6 s i n  a + N s i n  6 cos 6 cos a + NI x RI I T = R I 

h 

Next, t h e  unit normal vector  t o  t h e  TLI  plane (N ) is ca lcu la ted :  
A A A 

C 
e. 

S = R cos B + NI x RI s i n  8 I 

Next, angular momentun, C1, semilatus rectum, p ,  and e c c e n t r i c i t y ,  e ,  

a r e  computed: 



where p = g r a v i t a t i o n a l  constant  

The magnitudes of t h e  cutoff  p o s i t i o n ,  R c ,  cu to f f  v e l o c i t y ,  Vc , 
are computed. 

YC , and cu tof f  f l igh t -pa th  angle ,  

-P - 
1 + e cos rl 

The pos i t i on  and ve loc i ty  vec tors  at cu tof f  then  are 

= Rc [?i' COS ( a  + r l )  + Nc x s i n  ( a  + q ) ]  

A 

t c = vC [-T s i n  ( a  + n - y c )  + N~ x T cos ( a  + rl - y c ) ]  

The time at t h e  cu to f f  state i s  equal  t o  t h e  t i m e  a t  i g n i t i o n ,  

tI plus  t h e  t i m e  of t h e  TLI burn, TB, defined i n  t h e  previous sec t ion .  
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